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A Transient Stiffness Measure for Islanding
Detection of Multi-DG Systems
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Abstract—Islanding detection is important to ensure the relia-
bility and safety of distributed generation (DG). In this paper, a
new active islanding detection method (IDM) is proposed, and it
depends on individually estimating an overall transient stiffness
measure for any multi-DG system to establish a clear separation
between prior- and post-islanding stiffness. For the multi-DG
system to avoid spectrum overlapping, each of its DGs is required
to perturb at distinct frequencies. By using this concept of per-
turbation separation, the proposed technique can be applied to
multi-DG systems without requiring any communication among
the DGs. Simulation results show that the proposed technique
is scalable and robust against different loading conditions and
variations of grid stiffness levels as well as with respect to the
number of connected DGs and different types of DG controllers.
It is also shown that the proposed technique can successfully
distinguish islanding conditions from other disturbances that may
occur in power system networks.

Index Terms—Distributed generation (DG), islanding detection,
quality factor, stiffness, transient response.

I. INTRODUCTION

V ARIOUS islanding detection methods (IDMs) have been
developed within the last 15 years in anticipation of the

tremendous increase in the penetration of distributed genera-
tion (DG) in distribution systems [1], [2]. Active IDMs, which
rely on injecting small perturbations to enhance the voltage/fre-
quency drifting behavior caused by losing grid connectivity,
have been of great interest to protection engineers due to their
high performance-to-cost ratio [3]–[7]. However, active tech-
niques raise stability concerns since the injected disturbance is
a destabilizing force in general [8], [9]. Another important issue
with active IDMs is scalability where different active IDMs
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might degrade the performance of each other in multi-DG sys-
tems [10]–[12]. Moreover, the interaction between active IDMs
and different interface controls has been of concern for pro-
tection engineers and researchers [13]–[15]. In [14] and [15],
it is shown that the Sandia frequency shift (SFS), which is a
well-known active IDM, is more effective for a constant cur-
rent-controlled inverter in comparison to a constant power-con-
trolled inverter where the latter controller counter effects the
perturbation introduced by SFS.
Small-signal stability analysis has been implemented to study

the effect of adding inverter-basedDGs on distribution networks
stability in addition to the contribution of implemented control
and IDM schemes in single and multi-DG system stability
[16]–[18]. In [18], a detailed small-signal analysis is used to
study the effect of different IDMs on the stability of single and
multi-DG systems under constant current and constant power
controllers. Constant current/power controllers are useful for
DGs working in the grid-connected mode while stand alone or
microgrid operation is considered as a major drawback for the
aforementioned control schemes. This is mainly because the
constant current and constant power controllers do not provide
the appropriate power-management strategy (PMS), required to
support the voltage and the frequency within the microgrid. In
[19] and [20], switching control strategies are proposed to sup-
port the voltage of the microgrid in the stand-alone mode. The
problemwith these techniques is that a large transient/oscillation
is introduced as a result of switching between different modes
of control. Alternatively, droop controllers, which replicate the
droop characteristic of synchronous generators, are proposed for
power-management strategies or as a power-sharingmechanism
[16], [21]–[23]. In [16], an active/reactive PMS is proposed, and
it includes a frequency restoration term, and frequency/voltage
droop blocks, in addition to the typical power regulator. In this
paper, the PMS proposed in [16] is utilized in the multi-DG
model to develop a new active IDM that is suitable for different
control schemes including microgrid PMSs.
This paper proposes a new active IDM for a multi-DG

system such that no communication is required among dif-
ferent DGs. The proposed technique is based on the idea of
transient stiffness measurement for the multi-DG system where
a clear separation is established between prior- and post-is-
landing stiffness measures. The idea originates from a simple
mass-spring-damper system and is extended to the multi-DG
system. A small-signal model for the multi-DG system is
developed and used for simulation along with an equivalent
average Simulink model. The proposed technique is suitable
for different types of DG controllers and is shown to be robust
against different types of power system disturbances.
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Fig. 1. General multi-DG system under study.

II. MULTI-DG SYSTEM UNDER STUDY

A general multi-DG system is shown in Fig. 1. In Fig. 1, the
output power of the th DG is . The negative sign in the
reactive power indicates that is the reactive power absorbed
by the th DG. The point of common coupling (PCC) voltage
is , and is the th DG bus voltage. A circuit breaker
(CB) is used to simulate an islanding situation by disconnecting
the multi-DG system from the grid. A phase-locked loop (PLL)
is used to measure the frequency of the DG bus voltage. The in-
terface control used for each DG includes a current regulator in
addition to the PMS introduced in [16]. The small-signal model
for a multi-DG system is derived in the Appendix.

III. PROPOSED DESIGN

The idea behind the proposed technique is to introduce a
mathematical measure of transient stiffness for multi-DG sys-
tems such that, through online identification and calculation of
that measure, a clear separation is established for the prior- and
post-islanding values of the stiffness measure. First, the stiffness
concept is introduced for dynamical systems. Then, the concept
is applied to multi-DG systems.

A. Stiffness Measure of Dynamical Systems

To define the stiffness concept for a dynamic system, con-
sider first the mass-spring-damper system in Fig. 2, where is
the body mass, is the spring constant, is the damping coef-
ficient, and is the applied force. Applying Newton's second
law to the system yields the spring damper model

(1)

where is the displacement. It follows that the transfer function
is given by

(2)

Fig. 2. Mass-spring-damper system.

where is the Laplace operator, and and are the
Laplace transform of and , respectively. Then, the in-
finity-norm of (2) can be obtained as follows: The normalized
spring constant is known to be the stiffness. Therefore,
for a dynamical system of transfer function , its “stiff-
ness measure” and “damping” can be calculated analogously as

and in (3), shown at the bottom of the page; that is,
the stiffness measure and damping are calculated as

(4)

In the event that system damping satisfies the inequality
of is reset to .

B. Stiffness Measure for a Multi-DG System
From the basic principle of power flow, the following transfer

function is now considered:

(5)

where is the angular frequency of the th DG
terminal voltage acquired by PLL, is the grid nominal an-
gular frequency, is the small-signal variable, and is the
th DG variation in input active power. For a single DG system,
one can easily design for such that the measured is used
to identify . Then, stiffness of the single DG system can be
found according to (4). However, for a multi-DG system, the
problem becomes more complicated due to spectral overlapping
in as a result of perturbation injections by each of DGs sep-
arately. Hence, the problem that should be addressed is how to
design injection(s) for such that an overall measure of stiff-
ness can be found from without any communication among
different DGs. The specific idea proposed in this paper relies
on the concept of separate frequencies in the discrete Fourier
transform (DFT) to solve for an overall stiffness measure for
the multi-DG system.
The input perturbation for the th DG is designed as

(6)

(3)
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Fig. 3. Separation of frequency injection for multi-DG inputs.

where
is the data sam-

pling interval, is the perturbation amplitude,
is the

number of consecutive frequencies disturbed by the th DG,
is the maximum

frequency injected by the input, and . The sep-
aration in the DFT of input frequency components for each
DG is shown in Fig. 3. It can be seen from Fig. 3 that the first

frequency components are injected by , the second
frequency components are injected by , and so on up

to the th DG. The disturbed bands for each of the DGs are
separated by to avoid overlapping between different DGs'
spectral components. Then, the sequence is repeated times
to cover the entire region between 0 and . The only global
information needed for this scheme is the maximum number of
DGs, ; and all of the possible DGs are indexed during their
installation.
The design parameters in the proposed scheme in (6) are

, and . The relation between some of
those design parameters and design conditions can be obtained
from DFT properties, practical considerations, and the uniform
band-pass sampling theorem [24]. According to [24], the
minimum sampling frequency to avoid aliasing for a single
band-pass signal, with a center frequency located at , is
the Nyquist sampling rate. Hence, should be chosen to be
greater than or equal to . For convenience, is chosen to
be 7.68 kHz which corresponds to 128 samples/cycle at 60 Hz.
Let us assume that the time interval for collecting data is
fixed to 0.1 s. Then, is equal to 768 points. By fixing
the value of , the minimum frequency resolution of input
DFT is also fixed to 10 Hz. Thus, is set to 10 Hz.
In addition, let us assume that the frequency region of interest
for calculating the -norm is , where is set to 60 Hz
and is equal to 0.5 kHz. Then, is chosen to be 2.5
kHz in order to have more frequency components in the DFT
and, hence, higher accuracy for . The choices of and
are chosen using the physical knowledge of the system and can
be verified via simulation. The choice of value is critically
important and, hence, it will be studied further in Section IV.
The perturbation amplitude is set to one .
Once again, the proposed scheme only requires the knowl-

edge of the maximum number of DGs , and DGs are
assigned a unique index number within the microgrid of in-
terest. Then, the following procedure can be used to estimate the
overall stiffness measure:1) the perturbation input , de-
fined in (6), is injected by the th DG where ,
and ; 2) for the th DG, measure where

; 3) is normalized by and then the

dc component is removed by subtracting one to obtain ;
4) apply the DFT on to obtain , where

and ; and 5) the
estimated overall frequency response over the region of interest
is given by

(7)

where and , and 6) the estimated stiff-
ness for the overall multi-DG system in decibels is calculated
as follows:

(8)

It is worth noting that (8) can be applied to an arbitrary system
of any order as long as its frequency response can be obtained.
Given that the system model can be approximated by some
second-order transfer function (which is a well-known fact in
the field of system identification and order reduction), the out-
come of (8) would be its stiffness value.
In practice, an additional low-pass filtering stage could be

applied to at step 3 of the aforementioned procedure to
remove high-frequency harmonics and noise. Then, the filter
response should be accounted for in (7) to calculate the correct

. The previous process is repeated every second. Then, the
proposed stiffness-measure IDM is defined as

Islanding is detected by DG
Normal operation

(9)

where is the stiffness threshold value in decibels that sep-
arates islanding from nonislanding conditions. is designed
such that the proposed IDM is robust against different loading
conditions, variations in grid stiffness level, number of con-
nected DGs, and different types of power system disturbances.
In this paper, is set equal to 59 dB. Alternatively, an opti-
mization technique could be used to find the optimum threshold
that provides the best separation between prior- and post-is-
landing stiffness values for all practical variations in both loads
and the grid. The theoretical stiffness measure for the -DG
system is defined as

(10)

where and . Measure is not known,
and is the estimate of by .

IV. SIMULATION RESULTS

The proposed stiffness-measure IDM in Section III is verified
using an average model implemented in MATLAB Simulink.
The detail of the model can be found in the Appendix. For il-
lustration purposes, the results for single and two-DG systems
are considered and the concept can be easily extended to the
general -DG system. Unless mentioned otherwise, the model
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Fig. 4. (solid) and (dashed) before (blue) and after (red) islanding. (a)
changes. (b) changes. (c) changes.

parameters, introduced in Table I in the Appendix, is used for
simulation. The base power is 10 kVA.

A. Sensitivity Study for a Single DG System
The purpose of this study is to understand the effect of im-

portant parameters on the stiffness measure for a single DG
system. The small-signal model, developed in the Appendix,
is used for sensitivity analysis. The stiffness measure obtained
from an ideal is compared with the estimated one obtained
from . Three factors are investigated in this subsection which
includes: the load parameters, the distribution line impedance,
and the maximum levels of power. The range of variation for
each parameter is chosen such that the stability of the single DG
system is maintained before and after islanding condition.
1) Load Parameters: The load parameters include load

power level , load quality factor , and load resonant
frequency . These parameters are changed one at a time
while the others are kept constant. The parallel load pa-
rameters provided in Table I correspond to a 10 kW load with

60 Hz and 2.5. Fig. 4 shows the actual and
estimated stiffness measure before and after islanding for
different load parameters. It can be seen from Fig. 4(a) that as

increases, the value of before islanding decreases while
it increases after islanding. As the value of increases, the re-
active power of both the capacitance and inductance increases
accordingly to maintain a constant load value. The stiffness
measure before islanding depends on the exchange of power be-
tween the load and the grid as well as the reactive power ex-
change between the capacitive and inductive parts of the load.
When increases, the grid will respond by injecting more ac-
tive power and, hence, a higher stiffness measure should be ob-
tained. However, the exchange of higher reactive power within
the load will have a higher negative impact on the stiffness and,
hence, the overall stiffness of the system will decrease. On the
other hand, the stiffness measure after islanding depends on the
interaction between the PMS and the load, and the characteris-
tics of the load. Therefore, as the value of increases

after islanding, the DG will respond by injecting higher active
power and, hence, the overall stiffness will increase. The stiff-
ness gap, between values for prior- and post-islanding con-
dition, changes from 11.79 to 1.58 dB as is increased from
0.25 to 4 p.u., respectively. From Fig. 4(a), a threshold value of
59 dB provides a clear separation between prior- and post-is-
landing regions and, hence, the value of is set to 59 dB.
The threshold of 59 dB provides consistent separation between
prior- and post-islanding stiffness values for all load variations
within 400% of the load's rated active power at 2.5 and

60 Hz. The difference between and is a result of
the 10 Hz resolution used for calculating where a max-
imum absolute error (MAE) of 0.38 dB is obtained for all sim-
ulated cases. Fig. 4(b) shows that as the value increases, the
stiffness measure before islanding decreases while it increases
after islanding. As the load value increases, the load capac-
itive and inductive parts exchange higher reactive power and,
hence, lower value is obtained before islanding. On the other
hand, loads with higher values reveal higher resis-
tance to perturbation after islanding and, hence, the value is
increased. At values equal to 0.5 and 10, the stiffness gap
is 14.22 and 1.88 dB, respectively. The 59 dB threshold pro-
vides appropriate classification of islanding condition for
values up to 8.5 at 1 p.u. and 60 Hz, where
slightly crosses the threshold of 59 dB afterwards. According to
the IEEE Standard 1547, typical load's values are lower and
do not exceed 1 and, hence, the proposed technique can accu-
rately detect islanding for all practical loads [2]. Fig. 4(c) shows
that for values below 60 Hz (capacitive load), a lower is
obtained while values above 60 Hz (inductive load) resulted
into a higher value. In the capacitive load case, the grid re-
sponds by absorbing a higher reactive power and, hence, the
value of decreases as the load becomes more capacitive. In
contrast, the grid injects more reactive power as the load be-
comes more inductive and the value of increases accord-
ingly. However, the change of values is small for all values
of within the tested range, and a larger range of could result
into unstable operating point after islanding due to the inability
of PMS to support the microgrid frequency.
2) Distribution Line Impedance: The distribution system

line impedance is an important factor that will significantly af-
fect value. Stronger grid can be represented either by lower
grid impedance magnitude or lower ratio. The
parameters in Table I correspond to , and
1.5. Parameters are changed one at a time while others are
kept constant. Fig. 5 shows the effect of ratio and
value on both and before and after islanding. Results in
Fig. 5 show that a weaker grid, which corresponds to higher

ratio or higher value, resulted in a lower stiffness
measure and, hence, reducing the separation gap between prior-
and post-islanding stiffness measures. The gap shrinks from
9.43 to 3.73 dB as ratio changes from 0.3 to 10, respec-
tively, while it changes from 9.8 to 0.82 dB as value changes
from 0.05 to 0.8 , respectively. The results in Fig. 5 show
that the 59 dB threshold provides appropriate classification of
islanding condition for values up to 0.54 at
1.5 or any practical range of ratio at . In
general, is typically low for a reliable grid and, hence, the
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Fig. 5. (solid) and (dashed) before (blue) and after (red) islanding. (a)
changes. (b) changes.

Fig. 6. (solid) and (dashed) before (blue) and after (red) islanding. (a)
changes. (b) changes.

proposed technique provides robust performance for a very
wide range of values and ratios.
3) Effect of Droop Gains: In this subsection, the effect of

using different droop gains and is studied
and Fig. 6 shows the effect of different and values
on the stiffness measure before and after islanding. As the
droop gains increase, a larger weight is applied to the fre-
quency/voltage error which negatively affects the stiffness
measure and a smaller value is obtained. However, as the
droop gain values increase further, the priorislanding value of

starts increasing afterwards since droop gains after a certain
threshold will have positive impact on the stiffness value. In
contrast, higher droop gains after islanding will always result in
lower values. Furthermore, other parameters, such as PLL
proportional gain , could have a significant influence
on , where decreases as increases. As can be seen
from the above results, the proposed stiffness measure provides
an effective parameter to distinguish any islanding condition.

B. Effect of Load Share Ratio
The input design parameter , presented in (6), should

first be optimized for the multi-DG system. As mentioned
in Section III, corresponds to the number of consecutive
frequencies disturbed by the th DG. The mean squared error
(MSE) of stiffness measure is optimized and the load value
is changed from 1 to 5 at a step of 0.2. The resulting MSE is

(11)

where is the number of different values used for calcu-
lating MSE. For the two-DG system, the parameters, given in
Table I in the Appendix, are used except that the proportional
gain of the power controller for is set to 2. Sim-

Fig. 7. MSE versus for different numbers of connected DGs.

Fig. 8. versus for a 2-DG system before (solid) and after (dashed) is-
landing with the PMS employed at DG1 only. (a) changes. (b)

changes.

ilar parameters are used for the 3-DG and 4-DG systems with
and . Also, the load is assumed to be equally

shared by all DGs and, hence, is set equal to 1/ p.u., where
is the number of connected DGs, and is the DG index.

Fig. 7 shows the effect of different values on MSEs for dif-
ferent numbers of connected DGs. It can be seen from Fig. 7 that
a minimum MSE is obtained for all simulated cases at
and, hence, is set to 1 for the remaining simulations.
For the two-DG system, let us define the load share ratio as

where 1 p.u. The droop slopes for
the two-DG system are set as follows:

2.2 and 1.1. The rest of the param-
eters are similar to Table I, where and are initially set
to 0.5. The PMS, described in the Appendix, is implemented
for only while employs a constant power controller.
Fig. 8 shows the effect of on for a two-DG system where

. Fig. 8(a) shows that as the value of in-
creases, decreases and a lower/higher value of is ob-
tained for larger value before/after an islanding condition.
At , the stiffness gap is 9.07, 5.49, and 3.51 dB for

value 1, 2.5, and 5, respectively, while at , the gap
is 9.86, 3.97, and 3.34 dB for value 1, 2.5, and 5, respec-
tively. Fig. 8(b) shows that as increases, the value of
decreases where a higher value is obtained for a larger
value. Hence, the PMS provides a higher value and the use of
different control schemes can significantly degrade the overall
stiffness of the system when DGs with lower stiffness provide
higher power ratio. However, the 59 dB threshold maintains ro-
bust islanding detection performance for all simulated cases.

C. Robustness Against Other Power System Disturbances
In this subsection, the performance of the proposed IDM is

verified for different types of power system disturbances oc-
curring at different locations across the distribution feeder. In
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Fig. 9. Single-line diagram for studying disturbances at different locations
across the distribution feeder.

Fig. 10. (a) PLL frequency response and (b) during different disturbances
at the PCC.

addition to the islanding condition, the proposed IDM is val-
idated during load variation, capacitance switching, and three-
phase-to-ground fault. An average Simulink model of a two-DG
system, shown in Fig. 9, is used in simulation. Three different
types of disturbances at various locations across the distribu-
tion feeder are studied for their effects. The parameters used
for the two-DG model are given in Table I except that
is set to 2. Also, the droop slopes are set as follows:

and .
The load power is assumed to be equally shared by both DGs
(i.e., p.u.). The following types of distur-
bances are investigated: 1) an islanding condition is simulated
by disconnecting the circuit breaker (CB) at s; 2) a
three-phase-to-ground fault at s and clears out within
0.05 s; 3) an additional load, with apparent power equal to
p.u., is switched on at s and off at 1 s; and 4) a ca-
pacitance, with reactive power equal to 1 p.u., is switched on
at 0.5 s and off at 1 s. Cases 2)–4) are carried out at
various locations across the distribution feeder.
The overall stiffness of the two-DG system is estimated every

0.1 s. Fig. 10 shows the frequency response and during dif-
ferent types of power system disturbances taking place at PCC.
Results from Fig. 10(b) show that changes from 60.93 to
56.79 dB with an overshoot of 0.83 dB during the islanding
condition. For the three-phase short circuit fault, slightly
changes to 61.44 dB and then oscillates until it settles back to
60.93 dB at 0.8 s. For the load and capacitance switching
cases, the stiffness measure increases/decreases when additional
load/capacitance is switched on, respectively. The value of
is increased to 61.96 dBwhen the additional load is switched on,

Fig. 11. for different disturbances at different locations across the distri-
bution feeder. (a) Load switching. (b) Capacitance switching. (c) Three-phase
fault.

while the value decreases to 60.47 dB with a large overshoot
of 1.94 dBwhen the capacitance is switched on. The initial value
of is recovered within 0.2 s after the additional load/capaci-
tance is switched off. Fig. 11 shows the values of in the pres-
ence of power system disturbances at various locations across
the distribution feeder. It can be seen from Fig. 11 that the stiff-
ness value experiences a larger change when the load switching
takes place at locations closer to PCC. Also, similar observa-
tions can be made for capacitance switching and three-phase
fault, that is, disturbances further away from the PCC result
in a smaller change in the stiffness value. Despite the differ-
ences, the threshold of 59 dB can successfully and consistently
distinguish an islanding condition under different types of dis-
turbances occurring at various locations across the distribution
feeder. In other words, the proposed technique has robust per-
formance against all possible disturbances illustrated in Fig. 9.

D. Applicability to Multi-Microgrid Structures
In this subsection, the performance of the proposed IDM is

studied for cases that DGs form evolving microgrids and some
of the microgrids get disconnected from the grid while the rest
remain connected. Such a multi-microgrid structure is shown in
Fig. 12, and it consists of twomicrogrids ( and ), each
of the microgrids consists of two DGs and a local load. A circuit
breaker is used to simulate an islanding condition for

only. is the impedance of the line that connects
to , and the bus voltages across and are denoted
by and , respectively. The parameters used in Fig. 12 are
as follows: and ,
where is the load impedance given in Table I. The
rest of parameters are also provided by Table I except that

, and 0.25 p.u., where . Two cases are
simulated. In the first case, the main circuit breaker CB is dis-
connected at s to simulate an islanding condition for all
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Fig. 12. Schematic diagram for the two-microgrid structure under study.

Fig. 13. under different microgrid formation for (a) and (b) .

DGs, and then CB is closed at s. As for the second case,
only is disconnected at 0.5 s to simulate an islanding
condition for , and then is reconnected to the grid at

0.9 s. Fig. 13 shows the stiffness values of both microgrid
buses for both cases. and are the estimated stiffness mea-
sures at and , respectively. The results in Fig. 13 il-
lustrate that both DGs within disconnected microgrid(s) detect
the islanding condition. In case 1, where CB is disconnected,
changes from 61.28 dB to 56.79 dB and changes from 61.21
dB to 56.79 dB. The initial values of are recovered within 0.2
s after CB is reconnected to the grid. On the other hand, an is-
landing condition is detected for case 2 by the two DGs within

only ( and ) since changes from 61.21 dB
to 56.79 dB while increases to 63.92 dB upon being
disconnected. The initial values are recovered within 0.2 s
when is reconnected to grid. Again, the threshold of 59 dB
can successfully distinguish these islanding conditions within
the multi-microgrid structure, and the proposed technique is ro-
bust in islanding detection when some of the DGs are discon-
nected while others remain connected to the grid.
Finally, it is important to highlight several very important dif-

ferences between the proposed technique in this paper versus
previously proposed islanding detection techniques in the liter-
ature. First, the vast majority (if not all) of active IDMs (for ex-
ample, [5] to [15]) are for DGs equipped with a constant current
or constant power DG interface. On the contrary, this work at-
tempts to address amuchmore challenging problem of detecting
islanding for DGswith droop control. Typically, active IDMs try

Fig. 14. Single-line schematic diagram of a multi-DG system.

to de-stabilize the system while on the contrary droop control
would try to stabilize. Their conflicting objectives would have
an adverse effect on islanding detection. In comparison with all
other IDMs, the main advantages of the proposed approach are:
1) Detecting islanding for microgrids with droop control.
2) The perturbations injected by the proposed method have

no effect on the stability of the microgrid equipped with
droop control.

3) This is coupled with the advantage of having negligible
NDZ.

V. CONCLUSION
In this paper, a new active IDM is proposed for multi-DG sys-

tems. The proposed technique depends on estimating an overall
transient stiffness measure, which is defined in terms of the
transfer function infinity-norm for such DG system. Each DG
is required to perturb at distinct frequencies from other DGs
to avoid spectrum overlapping and, hence, no communications
are required among the DGs. The estimated stiffness value is
then used to determine the status of the grid where a clear sep-
aration between prior- and post-islanding stiffness is obtained.
Results show that the proposed technique is scalable and ro-
bust against different loading conditions, variations in grid stiff-
ness level, number of connected DGs, and different types of
DG controllers. Furthermore, the proposed technique can dis-
tinguish islanding condition from other types of power system
disturbances such as three-phase-to-ground fault, capacitance
switching, and load variations.

APPENDIX A
DERIVATION OF MULTI-DG SMALL-SIGNAL MODEL

For simulation purposes, the general -DG system shown in
Fig. 14 is considered where is the number of connected DGs.
In Fig. 14, all DGs are directly connected to the PCC and, hence,
the DG's bus voltage is the PCC voltage. and correspond
to the inductance and resistance of the utility line, respectively.
The grid voltage is or and the PCC voltage is or

. The inductance of the th inverter filter is represented by
. is the power imbalance between the parallel

load and the total power output supplied by
all DGs. The current absorbed by the grid is . For the par-
allel load, , and are the resistance, induc-
tance, and capacitance currents, respectively. In this model, an
average model for the three-phase voltage-source inverter (VSI)



AL HOSANI et al.: TRANSIENT STIFFNESS MEASURE FOR ISLANDING DETECTION OF MULTI-DG SYSTEMS 993

Fig. 15. Block diagrams of controller of a single DG system. (a) Constant cur-
rent controller. (b) Three-phase PLL.

Fig. 16. Block diagrams of the microgrid power-management controller. (a)
Active power controller. (b) Reactive power controller.

is employed where the pulsewidth-modulated (PWM) signal
generator, the dc source, and the switching power electronics
devices are replaced by a three-phase controlled voltage source
[8], [14]. A PLL is used to measure the frequency of the PCC
voltage.

A. Typical Controller for Single DG System
Fig. 15 shows the details of the typical current controller

and the PLL blocks used in each DG's control scheme. The
current controller is shown in Fig. 15(a). and are
the - and -axis current references, respectively. The angle
used in the transformation is measured by a PLL, with
proportional-integral (PI) controller gains and ,
as shown in Fig. 15(b). Then, the current references are sub-
tracted from measured output currents ( and and applied
to PI controllers with gains and , respectively. The - and
-axis outputs of the current controller are and , respec-
tively. Adding to and term to
is known as cross-coupling which is used to decouple control
equations. Finally, a - transformation is applied to con-
struct three-phase voltage signal which is used to drive
the controlled voltage sources shown in Fig. 14.

B. Microgrid Power-Management Strategy (PMS)
The active/reactive PMS proposed in [16] is used to sup-

port the frequency and voltage of the microgrid. The proposed
strategy includes a frequency-restoration term, and frequency/

TABLE I
MULTI-DG SMALL-SIGNAL MODEL PARAMETERS

voltage droop blocks in addition to the typical power regulator
as shown in Fig. 16. In Fig. 16, the frequency error is applied
to a PI controller, with gains and , to obtain .

is added to to obtain the real power reference of the
power regulator block where is generated by the fre-
quency droop control. On the other hand, is generated by
the voltage droop control as shown in Fig. 16(b) where is
the measured rms voltage. Then, the generated power references
( and ) are subtracted from the measured power ( and
) and fed into a PI controller (with gains and to gen-

erate and , respectively, which are used as inputs to
the current controller shown in Fig. 15(a). The frequency and
voltage droop slopes can be calculated as follows:

(12)

where and are the per-unit maximum and minimum
permissible voltage, respectively; ; and
is the initial active power assigned to the DG. and
are the per-unit maximum active and reactive power of the DG,
respectively. Utilizing PMSs interfere with active IDMs, and the
islanding condition will become more difficult to detect.

C. Small-Signal Model of the Multi-DG System

To simplify the multi-DG model, the PLL controller
gains, used at each DG, are assumed to be the same.
Hence, the total number of state variables in the overall
system is reduced from to . Accordingly,
the small-signal model of the multi-DG system is de-
scribed by (13), shown at the top of the next page, where

is the base impedance,
is the identity matrix, is

the derivative operator, is the small-signal variable, and
variables with subscript are the steady-state values. Also, the
small-signal variables highlighted in bold are vectors with
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(13)

elements. For example, the -axis measured current has the
following definition:

In addition, ,
and are diagonal matrices. For illustration, is defined
as with . All currents, voltages, and
powers in (14) are transformed to per unit [25]. Then, the overall
system can be written as follows:

(14)

where
,

and and are constructed from (14). Further details on the
derivation of this model can be found in [18] and [26]. Table I
shows the parameters used for the multi-DG model.
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